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a b s t r a c t 

A detailed numerical analysis of flame propagation in nano-aluminum–water (nAl–H 2 O) mixture is per- 

formed. Emphasis is placed on investigating the role of particle thermal conductivity in the prediction 

of the burning properties of the mixture. Flame structure and burning characteristics are obtained by 

solving the energy equation using finite difference discretization and the Gauss–Seidel iteration method. 

Particle thermal conductivity is modeled using the temperature-dependent thermal conductivities of the 

aluminum core and oxide layer, as well as their interface resistance. The effective thermal conductivity of 

the mixture is modeled as a function of temperature, spatial coordinate, and local mixture composition, 

by means of the unified Maxwell–Eucken–Bruggeman model, accounting for random particle distribution 

and inter-particle interaction. Results indicate that the combined thermal resistance offered by the oxide 

layer and the interface constitute 95% of the total resistance of the particle. The calculated particle-size 

dependent linear burning rates show good agreement with experimental data, with only 5% error. Error 

in burning rate prediction increases, however, to 20% when interface resistance is excluded from the par- 

ticle thermal conductivity model. It was also observed that burning rate varies as the inverse of particle 

size. Finally, an analysis of the sensitivity of burning rate to the individual components of the particle 

thermal conductivity model is also performed. Results suggest a 30% decrease in burning rate for two 

orders of magnitude reduction in both interface conductance and oxide thermal conductivity. The burn- 

ing rate drops by only 15%, however, for a similar reduction in aluminum thermal conductivity. A heat 

conduction perspective on flame propagation in nanocomposites is presented, identifying the highest and 

the lowest conductive pathways for energy transport. 

© 2018 Published by Elsevier Inc. on behalf of The Combustion Institute. 
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1. Introduction 

Metal-based energetic materials have received considerable

attention in space and underwater propulsion [1,2] , explosives

[3] , and hydrogen generation [4] . Among the metals, aluminum

(Al) is particularly attractive, due to its abundance, low cost of

extraction, high volumetric energy density, and environmentally

safe combustion products [5,6] . Composites containing meso- and

micron-sized Al particles have offered excellent performance in

space propulsion applications since the 1950 ′ s [1,7] . In the last two

decades, however, nanosized aluminum (nAl) particles ( < 100 nm

in size) have been preferred over larger Al particles, owing to

their superior burning characteristics [8–10] . As compared with

bulk Al, nAl offers enhanced combustion efficiency due to their

higher specific surface area (SSA) [11] , lower melting and boiling
∗ Corresponding author. 
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emperatures [12] , reduced ignition time and temperature [10] ,

nd higher reaction rates [10,13] . 

Despite distinct advantages, however, the low thermal con-

uctivity of nanoparticles [14–16] impedes the extensive use and

ommercialization of nano-energetic mixtures. Reduced energy

ransport rates have adverse effects on their combustion and

gnition properties. For instance, the linear burning rate, r b of

uch mixtures varies roughly as the square root of mixture ther-

al conductivity, k m 

[5,6,8] . A 10% reduction in k m 

, therefore,

educes r b by 5%, resulting in reduced specific impulse and thrust.

ombustion of Al particles smaller than 10 μm in size has shown

ignificant deviation from the classical D 

2 law and the burning

ime was linearly dependent of the particle size [5,8] . This is

n contradiction with the continuum models which suggest that

he combustion of nAl particles is dictated by mass-diffusion,

nd the burning time should be quadratically proportional to

he particle diameter. Moreover, the burning time tends to de-

rease with increasing pressure, suggesting a kinetically-controlled

ombustion. These experimental observations suggest that nAl

https://doi.org/10.1016/j.combustflame.2018.12.022
http://www.ScienceDirect.com
http://www.elsevier.com/locate/combustflame
http://crossmark.crossref.org/dialog/?doi=10.1016/j.combustflame.2018.12.022&domain=pdf
mailto:vigor.yang@aerospace.gatech.edu
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Fig. 1. Series circuit framework for evaluating thermal conductivity of nanoparticle. 
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articles undergo an ignition mechanism wherein the reactions

eading to ignition follow melting of aluminum core [8,10,17,18] .

elting of core escalates internal pressure, subsequently cracking

he oxide shell. Ignition reactions occur in these cracks following

nter-diffusion of reactant species. Therefore, heat conduction from

he reaction zone upstream is essential in raising the temperature

f particles to the melting point of aluminum. 

Understanding the nanoscale thermal transport behavior is,

herefore, crucial in elucidating the burning behavior of nano-

nergetic mixtures. Note that, owing to the high reactivity with at-

ospheric oxygen, the Al surface is usually covered with a 2-3 nm

hick coating of aluminum oxide (Al 2 O 3 ). While Al is a good heat

onductor, Al 2 O 3 is an insulator. Thus, the thermal conductivity of

l 2 O 3 at room temperature is ∼30 W/m K, which is nearly one-

ighth that of Al ( ∼230 W/m K). Since both the Al core and Al 2 O 3 

ayer are of nanoscale dimensions, thermal conductivity could be

ffected by their size. Thermal conductivity of nanostructure could

e several orders of magnitude lower than its bulk counterpart

ue to the effect of excessive boundary scattering on heat carriers

electrons and phonons) [16,19,20] . 

In addition, the Al/Al 2 O 3 interface also poses resistance to

eat conduction. To characterize the heat lost at the interface,

hermal interface resistance (TIR) (denoted by R ) may be used. TIR

s the inverse of thermal interface conductance (TIC) (denoted by

 ), which is the constant of proportionality in the equation that

elates heat flux ( Q ) across the interface of two materials to the

emperature drop ( �T ) at the interface ( Q = G �T = �T / R) . Although

IR is present at all material interfaces, its effects are stronger as

he particle size decreases, that is, as the percentage of surface

toms increases [16] . Prior work has shown that for nanoparticles

f sizes < 100 nm, more than 90% of the total thermal resistance of

he particle originates from the interface [21,22] . TIR of Al/Al 2 O 3 ,

owever, has not been widely studied. To our knowledge, there

re only three experimental measurements on the temperature

ependence of TIR reported in the literature [23–25] , and these

easurements were in the temperature range of 50–480 K. High

emperature measurement of TIR is intrinsically challenging, even

nder near-vacuum conditions, because of the high reactivity and

aporability of Al atoms. 

Due to the limited understanding of interfacial heat transport,

rior studies on the combustion characteristics of nAl suspensions

ave not accounted for the effect of TIR on burning properties.

yagi et al . [26] measured the ignition probability of diesel droplets

aden with nAl particles of 50 nm diameter. The measured igni-

ion probability suggested a 100% enhancement with addition of

anoparticles, and this was ascribed partly to the enhanced radia-

ive and heat transfer properties of nAl-laden fluids. Nonetheless,

 systematic analysis of the effect of TIR was not performed. Risha

t al . [27,28] considered a suspension of nAl particles dispersed in

ater and studied the effects of pressure and particle size on the

urning characteristics. Measurements spanned a pressure range

f 0.1–10 MPa. Particles of sizes 38–130 nm were considered. The

easured burning rate was inversely proportional to the particle

iameter, and the pressure exponent was in the range of 0.27–0.47,

epending on the particle size. Complementing the experiments of

isha et al . [27 , 28] , a theoretical study was also performed by Sun-

aram et al . [10] to model flame propagation in these mixtures.

hey adopted a modeling approach followed for micron-sized

article mixtures, using approximate thermal transport property

odels that do not take TIR into consideration. As a result, they

everely overpredicted linear burning rate, r b in these systems. For

nstance, mean error in r b for 130 nm particle is ∼25%, whereas

or the 80 nm particle, this increases to 31%. For 38 nm particle

uspensions, the predicted quantitative and qualitative trends

ere much different from experimental results. Furthermore, the

ean error was more than 50%, with a peak error in r b being
04% at 3.5 MPa. They attributed this to the adsorption of water

olecules to the nanoparticle surface, and argued that it prevents

he diffusion of oxidizer molecules toward the core Al atoms.

hile this is a plausible claim, recent studies [8] indicate that

ass diffusion is not a rate-limiting process in the combustion of

Al suspensions. Hence, we hypothesize that this disparity was

ue to oversimplification of nanoscale heat conduction physics and

nadequate modeling of the thermal conductivity of the system. 

The primary objective of the present work is, therefore, to sys-

ematically investigate the role of thermal resistance offered by Al,

l 2 O 3 , and the interface in modeling effective thermal conductivity,

nd subsequently, flame propagation in a nAl–H 2 O mixture. Here,

e quantitatively evaluate the TIR of Al/Al 2 O 3 using the recently

eported interfacial conductance modal analysis (ICMA) technique,

29] within a framework of equilibrium molecular dynamics simu-

ations for temperatures ranging from 300 to 1800 K. The size ef-

ects of thermal conductivities of Al and Al 2 O 3 are also quantified

sing the thermal conductivity accumulation functions evaluated

rom first-principle lattice dynamics calculations, along with the

olution of Boltzmann transport equations (BTE) [30 , 31] . Follow-

ng the TIR calculations, effective thermal conductivity of the sus-

ension is modeled by taking into account the effect of particle

ize, temperature, and random dispersion in the mixture. Finally,

he effective thermal conductivity model is applied in combination

ith the particle burning time scales to simulate a vertically prop-

gating one-dimensional flame in a stoichiometric mixture under

sobaric conditions. Thermal properties are assumed to be spatially

arying, and the nonlinear energy equation is solved iteratively to

btain steady state solutions. Linear burning rate, r b is computed,

nd the effect of particle size is also assessed. Finally, the sensi-

ivity of r b to variations in transport properties is also analyzed

o provide a heat conduction perspective on combustion of metal-

ased nano-energetic materials. 

. Effective thermal conductivity model 

The inputs of an effective thermal conductivity model are the

article thermal conductivity ( k p ), fluid thermal conductivity ( k f ),

nd the particle volume fraction, φ. In order to evaluate k p , con-

ider a series circuit model representing the interface of Al and

l 2 O 3 , as shown in Fig. 1 . 

This circuit is a partial representation of the nano-aluminum

article with oxide coating. It consists of three main components:

ulk Al, whose thermal conductivity is denoted by k Al , bulk Al 2 O 3 ,

hose thermal conductivity is denoted by k A l 2 O 3 , and the interfa-

ial device, whose conductance is denoted by G . As shown in Fig. 1 ,

he thermal resistance from Al 2 O 3 , Al, and the interface are given

s: 
L A l 2 O 3 
k A l 2 O 3 

, 
L Al 
k Al 

, and 

1 
G , respectively. L denotes the length of each de-

ice. The net thermal conductivity of the interfacial system, k int ,

hown in Fig. 1 , can be obtained as: 

 int = 

L (
L A l 2 O 3 
k A l 2 O 3 

+ 

L Al 

k Al 
+ 

1 
G 

) (1) 
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Fig. 2. Schematic diagram of the core-shell particle model for evaluating the effec- 

tive thermal conductivity of a nanoparticle. 
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With the core-shell particle model shown in Fig. 2 , this concept

can be extended to estimate the thermal conductivity, k p of a pas-

sivated nAl particle with a total diameter D p as: 

k p = 

D p (
2 . 

L A l 2 O 3 
k A l 2 O 3 

+ 

L Al 

k Al 
+ 

2 
G 

) . (2)

The temperature dependent bulk thermal conductivities of Al

and Al 2 O 3 are experimentally evaluated and documented [32 , 33] .

Note, however, that both the Al core and the Al 2 O 3 layer could

be affected by their sizes. In our prior work, we have introduced

a method based on first-principle lattice dynamics calculations,

along with the solution of the phonon Boltzmann transport

equation, to gauge the effect of particle size on phonon thermal

conductivity by obtaining the thermal conductivity accumulation

function [30] . This method can be used to quantify the size effect

on the phonon thermal conductivities of Al and Al 2 O 3 . Our analysis

indicates that Al particles of dimension less than 34 nm and Al 2 O 3 

particles less than 47 nm are affected by size, as shown in Fig. 3 . 

Likewise, Jain and McGaughey [31] have obtained the electron

thermal conductivity accumulation function on Al to identify that

particles with dimensions less than 23 nm are affected by size. By

combining these two results, we have developed a size-affected

thermal conductivity model for Al and Al 2 O 3 as given by the fol-

lowing equations: 

k = k bulk , D ≥ L max 

k = 

(
D 

L max 

)
k bulk , D < L max (3)

where D is the particle size (diameter for Al or thickness for

Al 2 O 3 ), L max = 34 nm (phonon) and 23 nm (electron) for Al, and

47 nm (phonon) for Al 2 O 3 . Electron thermal conductivity in Al 2 O 3 

is negligible because of the large bandgap between valence and

conduction bands. 

Following this, the TIC at the Al/Al 2 O 3 interface was evaluated

using the ICMA technique. With the use of the approach of Barrat

et al. [34] and Domingues et al. [35] , the instantaneous heat flow

across the interface can be obtained as follows. In a microcanonical

ensemble, the rate at which energy transmitted across the bound-

ary of material A is equal to the rate of change of energy in ma-

terial B (where A and B form the interface), at any instant. From

statistical mechanics, the Hamiltonian, H , of such a system is: 

H = 

N ∑ 

i 

p 

2 
i 

2 m i 

+ �( r 1 , r 2 , . . . , r n ) (4)

where p is the momentum and m the mass of atom i , and � the

potential energy of the n -particle system. The Hamiltonian of an

individual atom thus becomes 

H i = 

p 

2 
i 

2 m 

+ �i ( r 1 , r 2 , . . . , r n ) (5)

i a  
The instantaneous energy transfer across the interface of A and

, Q A → B can be expressed as: 

 A → B = −
∑ 

i ∈ A 

∑ 

j∈ B 

{
p i,α
m i 

(
−∂ H j 

∂ r i 

)
+ 

p j,α

m j 

(
∂ H i 

∂ r j 

)}
(6)

here r is the position vector of atom represented by i and j . From

his relation, using the fluctuation-dissipation theorem, [36] the to-

al conductance of the interface can be calculated via correlation in

he equilibrium fluctuations of the heat flow as: 

 = 

1 

A k B T 2 

∫ 
〈 Q(t) · Q(0) 〉 dt (7)

Thermal interface resistance, R is evaluated as R = 1/G 

Now that we have obtained all the necessary ingredients in

q. (2) to evaluate k p , the next step is to model the effective

hermal conductivity of the mixture, k m 

. There are several effec-

ive thermal conductivity models for nanoparticle suspensions

37–39] . Some of them are based on dynamic heat conduction

echanisms [40] in nanofluids, namely base-fluid nanolayering

nd Brownian motion. In a recent study on thermal conductivity of

ano-suspensions, Muraleedharan et al. [41] conducted molecular

ynamics simulations in combination with fluctuation-dissipation

heorem to rigorously show that nanolayering and Brownian

otion make negligible contributions to the effective thermal

onductivity of the mixture. Therefore, in this work, we have ne-

lected these effects. Two other important factors to be considered

n modeling k m 

of a dense suspension are the random particle

istribution and the viscous interaction between nanoparticles.

he Maxwell–Eucken [42–44] effective medium theory properly

ccounts for the random distribution of particles, and can be given
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Fig. 4. Theoretical multizone framework used to represent reaction and preheat 

zones. Zones A–C represent preheat zones and Zone D represents the reaction zone. 
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δ

s: 

 m 

= 

φ f k f + φp k p 

(
3 k f 

2 k f + k p 

)
φ f + φp 

(
3 k f 

2 k f + k p 

) , (8) 

here k f is the fluid thermal conductivity, and φf and φp the

olume fractions of fluid and particle, respectively. Interaction

etween particles is also important in capturing the viscous effects

n the system, and can be accommodated by using the Bruggeman

ffective medium theory [45] , as given by: 

p 

(
k p − k m 

k p + 2 k m 

)
+ φ f 

(
k f − k m 

k f + 2 k m 

)
= 0 (9) 

Therefore, in order to include both these effects, it is desir-

ble to unify the Maxwell–Eucken and Bruggeman theories into a

axwell–Eucken–Bruggeman (MEB) model, yielding effective ther-

al conductivity of the mixture, k m 

, as: 

 m 

= 

D + 

√ 

D 

2 + 2 k p k f 

2 

, (10) 

here 

 = (2 k p − k f ) φp (1 − αp ) + (2 k f − k p ) φ f 

(
2 φ f + 2 φp αp − 1 

2 φ f 

)
. 

(11) 

Here αp is the volume fraction of particles in a mixture with a

axwell–Eucken structure. The value of αp is chosen to be 0.5 so

s to conform to the condition that for φp → 1, k m 

→ k p . 

. One-dimensional flame model and numerical framework 

A one-dimensional, isobaric flame propagating vertically down-

ard through a stoichiometric mixture of nano-aluminum particles

nd liquid water is considered. This represents the real physical

ystem on which combustion experiments were performed, and

esults are available for validation [28] . The particles are assumed

o be fully dispersed (or non-agglomerated) and spherical with

 monomodal distribution. A multi-zone framework representing

he flame and preheat zones is shown in Fig. 4 . 

As can be seen from Fig. 4 , several distinct zones can be iden-

ified within the framework. Zone A represents the nAl–H 2 O (l)

eactant mixture, which constitutes the propellant pellet originally

ynthesized for experimental study. The initial temperature of the

nburnt propellant, T u , may be conveniently assumed to be ambi-

nt temperature, T u = 298 K. In Zone A, the major physical process

s the heating of the system from T u to the vaporization temper-

ture of water, T v , and there are no notable chemical reactions in

his zone, due to the presence of the oxide layer. Once the water

aporizes at T v , the resulting vapor acts as oxidizer in the follow-

ng zones. The end of Zone B is marked by the melting of the
luminum core at a temperature T m 

. Melting of the aluminum core

s followed by the cracking of oxide layer. Reactant molecules dif-

use through these cracks and undergo reactions. Roughly around

he end of Zone B and throughout Zone C, ignition reactions occur.

arking the end of Zone C, at temperature T ign = 1360 K, overall

gnition of the system is obtained. Zone D represents the flame

one leading to a flame temperature T f = 1800 K. 

The temperature profile, T(x) , and zone thicknesses, �, can be

btained by solving the energy equation in each zone and match-

ng the physical conditions at the boundaries. The general equation

f energy balance can be given as: 

∂ 

∂t 
( ρC p T ) = 

∂ 

∂x 

(
k 
∂T 

∂x 

)
+ 

˙ Q , (12) 

here ρ is the density, C p is the specific heat, T is the tempera-

ure, k is the effective thermal conductivity of the mixture, and 

˙ Q 

s the heat release rate (source term) which is zero in Zones A, B

nd C. Note that ρ , C p , and k are functions of temperature and lo-

al mixture composition. In a flame coordinate system, assuming

onstant r b , the partial time derivative, ∂ 
∂t 

can be written as r b 
d 
dx 

,

nd Eq. (12) can be rewritten as: 

 b 

d 

dx 
( ρC p T ) = 

d 

dx 

(
k 

dT 

dx 

)
+ 

˙ Q (13) 

The linear burning rate, r b , must be evaluated by the shooting

ethod. Therefore, the first step is to assume an initial (guess so-

ution) r b . Neglecting the source term and expanding up the right

and side of the Eq. (13) , the energy equation can be written as: 

 b 

d 

dx 
( ρC p T ) = 

dk 

dx 
· dT 

dx 
+ k 

d 2 T 

d x 2 
. (14) 

Eq. (14) can be discretized by one-dimensional finite difference

ethod as: 

r b 
( ρC p T ) i +1 − ( ρC p T ) i −1 

2�x 

= 

k i +1 − k i −1 

2�x 
. 
T i +1 − T i −1 

2�x 
+ k i 

T i +1 − 2 T i + T i −1 

( �x ) 
2 

, (15) 

nd solved using Gauss–Seidel iteration: 

 

n +1 
i 

= 

( �x ) 
2 

2 k i 

[
k n 

i +1 
− k n 

i −1 

2�x 
. 
T n 

i +1 
− T n 

i −1 

2�x 
+ k i 

T n 
i +1 

+ T n 
i −1 

( �x ) 
2 

− r b 
( ρC p T ) 

n 
i +1 − ( ρC p T ) 

n 
i −1 

2�x 

]
. (16) 

Here i is the grid point index in the one-dimensional stencil

onsisting of r + 1 grid points, and n denotes the iteration num-

er. Note that the number of grid points should be chosen so as to

nclude at minimum a full nanoparticle and the surrounding fluid

edium. It is thus representative of the average mixture proper-

ies of the zone. If the grid size is smaller, then the effective ther-

al conductivity model fails for the control volume, leading to

he failure of convergence of the iterative scheme. With the finite

ifference grid set up, the next step is to consider energy equa-

ions, identify boundary conditions, and perform the same numer-

cal treatment for each zone present in the framework. 

.1. Energy balance for liquid water–solid aluminum (Zone A) 

The liquid water zone is the region between x = − ∞ and x = −
v . Here, the energy equation can be written as: 
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dx 

[(
ρAl C p, Al �Al + ρox C p,ox �ox + ρlw 

C p,lw 

�lw 

)
T 
]

= 

d 

dx 

(
k m 

dT 

dx 

)
, 

(17)

subject to boundary conditions: T x →−∞ 

= T u ; T x = −δv = T v . The sub-

scripts Al, ox, lw, and m, W denote aluminum, oxide layer, liquid

water, and mixture in the liquid water zone, respectively. Assum-

ing a zone length of ∼10 0 0 cm, and an initial linear temperature

profile between the boundary conditions, T 1 = T u and T r + 1 = T vap ,

Eq. (16) is solved iteratively at each grid point until a steady state

solution is obtained with a residual L ∞ 

norm less than 1 × 10 −3 .

Once the solution is obtained, the temperature gradient at the

A–B interface ( x = −δv ), 
dT 
dx 

| W 

is calculated using a second order

one-sided backward finite difference scheme. Using dT 
dx 

| W 

, the tem-

perature gradient on the vapor side, dT 
dx 

| V , can be calculated as: 

k m,AB + 
dT 

dx 

∣∣∣∣
V 

= k m,AB −
dT 

dx 

∣∣∣∣
W 

+ h f g �lw 

ρlw 

r b (18)

where h fg is the heat of vaporization of water, ρ lw 

is the density

of liquid water T = T vap ; �vap is the mass fraction of water in the

mixture and k m,AB − and k m,AB + are the thermal conductivities of

the mixture to the left (liquid water) and right (vapor) of the

phase boundaries respectively at T = T vap . 

3.2. Energy balance for water vapor–solid aluminum (Zone B) 

The water vapor–solid aluminum mixture is encompassed by

the region between x = − δv and x = − δm 

. The energy equation

in this region can be written in following form: 

r b 
d 

dx 

[(
ρAl C p, Al �Al + ρox C p,ox �ox + ρlw 

C p,w v �lw 

)
T 
]

= 

d 

dx 

(
k m 

dT 

dx 

)
,

(19)

subject to the interfacial conditions: ⎧ ⎨ 

⎩ 

x = −δv : T = T v ; k m + 
dT 

dx 

∣∣∣∣
V 

= k m −
dT 

dx 

∣∣∣∣
W 

+ h f g �lw 

ρlw 

r b 

x = −δm 

: T = T m 

, (20)

where the subscripts − and + represent the right and left side of

the boundary AB respectively. 

For Zone B, in addition to solving the temperature profile, we

need to simultaneously determine the zone thickness, �BC . For

this, we first assume an initial zone thickness �BC and then carry

out a two-level iterative procedure – the inner level is to iteratively

compute the temperature at each grid point using Eq. (16) and the

outer level to correct the slope condition at the left boundary us-

ing a non-linear least square error minimization solver. The slope

of the temperature profile at each outer step is computed from the

converged temperature profile obtained from the inner step using

a second order one-sided forward finite difference scheme. Once

the converged zone thickness and corresponding temperature pro-

file are simultaneously obtained, we can compute the heat flux at

the right boundary, and thereafter compute the incoming heat flux

from Zone C as: 

k m, BC + 
dT 

dx 

∣∣∣∣
V, BC + 

= k m, BC −
dT 

dx 

∣∣∣∣
V, BC −

+ h m −Al �Al ρAl r b (21)

where h m- Al is the heat of fusion of Al, ρAl is the density of solid

Al at T = T m 

, �Al is the mass fraction of Al in the mixture, and

k m, BC + and k m, BC − are the thermal conductivities of the mixture

corresponding to the left (solid Al) and right (molten Al) of the

phase boundary respectively at T = T m 

. 
.3. Energy balance for water vapor–molten aluminum (Zone C) 

Like that for Zone B, the energy equation for Zone C can be
ritten as: 

 b 

d 

dx 

[(
ρl Al C p,l Al �l Al + ρox C p,ox �ox + ρlw C p,w v �lw 

)
T 
]

= 

d 

dx 

(
k m 

dT 

dx 

)
, 

(22)

ubject to the boundary conditions: 

 

 

 

x = −δm 

: T = T m 

; k m + 
dT 

dx 

∣∣∣∣
V,m Al 

= k m −
dT 

dx 

∣∣∣∣
V 

+ h m Al �Al ρAl r b , 

x = 0 : T = T ign , 

(23)

here subscript l Al represents liquid aluminum and h m Al is the en-

halpy of fusion of aluminum. 

A similar procedure followed for Zone B is used to compute the

emperature profile and zone thickness �CD of Zone C. The inner

evel computes the temperature profile for each estimate of zone

hickness using Eq. (16) with T 1 = T m 

and T r + 1 = T ign , and the outer

evel iteratively corrects the zone thickness to match the computed

eat flux at the B–C interface from the inner step temperature

rofile with that obtained from Eq. (21) . Finally, from the con-

erged zone thickness and temperature profile, heat flux at the C–

 interface, k m, CD − dT 
dx 

| V, CD − can be computed using a second order

ne-sided backward finite difference scheme. This heat flux is also

qual to the heat flux coming in from the reaction Zone D, since

here is no phase change associated with the C–D interface: 

k m, CD −
dT 

dx 

∣∣∣∣
V, CD −

= k m, CD + 
dT 

dx 

∣∣∣∣
V, CD + 

(24)

.4. Energy balance for reaction zone (Zone D) 

The energy equation for Zone D can be expressed as: 

 b 

d 

dx 

[ ( ∑ 

i 

ρi C p,i �i 

) 

T 

] 

= 

d 

dx 

(
k 

dT 

dx 

)
+ 

ρm 

Q r 

τb 

, (25)

here Q r is the chemical energy release per unit mass of the mix-

ure, and τ b is the particle burning time scale. The inputs required

o solve these equations are physical properties: ρ and C p , particle

urning time τ b , and mixture thermal conductivity k m 

. 

The thermophysical properties of aluminum and its oxide are

aken from Refs. [46–48] , and that of water and hydrogen are taken

rom Refs. [49 , 50] . The energy equation is modified to include the

eaction source term and mean particle burning time as: 

 b 

d 

dx 
( ρC p T ) = 

d k m 

dx 

(
∂T 

∂x 

)
+ k m 

d 2 T 

d x 2 
+ 

Q r ρm 

τb 

, (26)

here Q r is the heat released by combustion of unit mass of the

toichiometric mixture, ρm 

is the density of the mixture, and τ b is

 burning time parameter to characterize the rate of reaction. Since

 detailed reaction mechanism of Al–H 2 O combustion is yet to be

eveloped, assuming a mean mass burning time scale is reason-

ble, as long as the experimental mass burning properties can be

roperly reproduced. Therefore, the particle burning time, τ b , ob-

ained from experimental measurements [10 , 51] is used. The mean

article burning time scale can be represented by the following

quation: 

b = 

c [ a 1 exp ( b 1 T ) + a 2 exp ( b 2 T ) ] d 
2 
p 

p m 

, (27a)

 = a 3 exp ( b 3 T ) + a 4 exp ( b 4 T ) (27b)
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Table 1 

Fitting constants in Eq. (27) . 

Constant Value 

c 1.736 × 10 −3 

a 1 204.650 

b 1 −9.848 × 10 −3 

a 2 1.842 × 10 −4 

b 2 3.461 × 10 −5 

a 3 7.075 

b 3 −1.905 × 10 −3 

a 4 4.023 × 10 −1 

b 4 −3.120 × 10 −4 
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here the burning time τ b is in s, particle diameter d p in nm and

ressure p in atm. The numerical values corresponding to various

tting constants are given in Table 1 . 

Boundary conditions for solving the temperature profile and

hickness of this zone are: 

 1 = T ig (28) 

 r+1 = T f (29) 

dT 

dx 

∣∣∣∣
r+1 

= 0 (30) 

dT 

dx 

∣∣∣∣
1 

= 

dT 

dx 

∣∣∣∣
CD + 

. (31) 

Note, however, that for solving for temperature profile, only two

oundary conditions are required, and for determining the reaction

one thickness, only one additional boundary condition is required.

he fourth boundary condition can be used to correct the r b , which

as assumed at the very beginning of our calculations. Therefore,

or Zone D, we follow a similar procedure as for Zones B and C,

sing an inner step with Eqs. (28) and ( 29 ) to solve Eq. (26) to de-

ermine the temperature profile for a given zone thickness, and an

uter step to correct the zone thickness based on Eq. (30) . Finally,

 b is estimated by iteratively solving the above steps (zones) until

q. (31) is satisfied. 

. Results 

.1. Thermal transport 

The thermal conductivity of nanoparticles can be derived from

q. (32) as a function of temperature, size, and interfacial resis-

ance obtained from the bulk thermal conductivity. 

 p = 

D p (
2 . t ox 

k A l 2 O 3 
+ 

D core 

k Al 
+ 

2 
G 

) , (32) 

here t ox is the oxide layer thickness, and D core = D p – 2.t ox the

iameter of the Al core. The thermal conductivity of bulk Al (not

orrected for size effect), k Al ,uncorrect ed , is given as a function of tem-

erature [32] : 

 Al , uncorrected (T ) = 3 . 101 e −10 T 3 − 6 . 07 e −7 T 2 + 3 . 271 e −4 T + 0 . 186 , 

f or T < T melt, Al 

 Al , uncorrected (T ) = 7 . 5 e −5 T + 0 . 025 , f or T ≥ T melt, Al 

. 

(33) 

Here T melt, Al is the melting point of bulk Al ( = 933 K). With the

nclusion of size effects on thermal conductivity, the corrected k 
Al t  
ecomes 

 Al (T ) = k Al ,uncorrected (T ) , D core ≥ 23 nm 

 Al (T ) = 

(
D core 

23 

)
k 

Al ,uncorrected 
(T ) , D core < 23 nm 

. (34) 

Similarly, uncorrected thermal conductivity values of Al 2 O 3 can

e given as [33] : 

 A l 2 O 3 ,uncorrected (T ) = 65 . 08 T −1 . 355 + 0 . 003441 (35)

The correction on size effects results in: 

 A l 2 O 3 (T ) = k A l 2 O 3 ,uncorrected (T ) , t ox ≥ 47 nm 

 A l 2 O 3 (T ) = 

(
t ox 

47 

)
k A l 2 O 3 ,uncorrected (T ) , t ox < 47 nm 

(36) 

Muraleedharan et al. [52] have implemented ICMA calcula-

ions in an equilibrium molecular dynamics (EMD) framework for

l/Al 2 O 3 system to evaluate G , and have achieved conclusive ex-

erimental validation for temperatures ranging from 50 to 500 K.

hey considered a (111) Al || (0 0 01) Al 2 O 3 crystal direction rep-

esenting the primary orientation in FCC metal–metal oxide inter-

ace for both Al- and O-terminated Al 2 O 3 surfaces. Here, the same

CMA framework is extended to temperatures up to 1800 K to eval-

ate G . Following the ICMA calculations, a temperature-dependent

unction of interfacial conductance, G(T) was obtained by fitting a

ogarithmic curve to the data points using a least-square algorithm.

lthough the logarithmic function may not represent the actual

hysics of variation of G with T , it helps reduce fitting error. The

odel fitting errors for the above properties are well below 10%.

(T) can be given as: 

 (T ) = 137 . 72 log (T ) − 492 . 32 , f or T < T melt, Al 

 (T ) = 40 , f or T ≥ T melt, Al 
(37) 

In Eqs. (33) –(37) , the unit of T is in K, t ox , D core in nm, k in

W/m K, and G in MW/m 

2 K. Appropriate unit conversion is to be

erformed when using these values in Eq. (32) . 

Figure 5 (a) shows the thermal resistance associated with Al and

l 2 O 3 (evaluated using Eqs. (34) and (36) ) and the interface resis-

ance, R(T) = 1/G(T). Figure 5 (b) shows the percentage contribution

f each thermal resistance to the total thermal resistance of the

article for temperatures ranging from 300 to 1800 K. The results

orrespond to a nanoparticle of diameter 38 nm coated by an ox-

de layer of initial thickness 2.7 nm, which increases as the reaction

roceeds. As can be seen from Fig. 5 (a), TIR decreases monotoni-

ally with temperature to the melting temperature of Al = 933 K.

t the melting temperature, there is a sharp rise in TIR, which re-

ains nearly constant thereafter. This is due to the loss of crys-

allinity of the core Al lattice as it melts. The thermal resistance of

l 2 O 3 , on the other hand, shows a monotonically increasing trend

s it remains in solid state throughout the temperature range con-

idered. Its increase is a combined result of the decrease in ther-

al conductivity and the increase in oxide layer thickness. Note

hat, for most temperatures, TIR is higher than Al 2 O 3 resistance,

hich indicates that TIR is crucial in modeling the net thermal re-

istance of the nanoparticle. Moreover, from Fig. 5 (a), it is quite

vident that the Al contribution to total resistance is the lowest.

hermal resistance of Al is two orders of magnitude lower than

hat of Al 2 O 3 and the interface. In other words, Al offers the high-

st conductive pathway for energy released at the reaction zone

o traverse through the unburnt mixture. Had the oxide layer been

bsent from the Al surface, the medium would have offered much

ower resistance to heat conduction, and would have had a much

igher burning rate. In liquid state, as at the interface, Al also of-

ers significantly higher resistance, due to lack of crystallinity. Fur-

hermore, from Fig. 5 (b), comparing the percentage contribution of

ach of the components, it is evident that TIR and the oxide layer

esistance together contribute to > 95% of thermal resistance. Now

he same approach can be extended to various particle sizes and
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Fig. 5. (a) Thermal resistance of Al, Al 2 O 3 , and interface (b) percentage contribution 

of each resistance component to the total thermal resistance of the nanoparticle. 
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Fig. 6. (a) Thermal conductivity of nanoparticles of diameters D p = 38 nm, 80 nm, 

and 138 nm, and (b) effective thermal conductivity of nAl-H 2 O mixture, as a func- 

tion of temperature. 
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Fig. 7. Detailed flame structure obtained via numerical solution of the 1D flame 

propagation problem, clearly showing the different zones and their thicknesses. 
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n  
used in conjunction with the MEB model given in Eq. (10) to pre-

dict the thermal conductivity of the mixture. 

Utilizing the temperature-dependent thermal resistance values

depicted in Fig. 5 (a), particle thermal conductivity, k p is evalu-

ated using Eq. (32) for three different particle diameters D p : 38 nm,

80 nm, and 138 nm. 

Figure 6 (a) shows k p as a function of temperature. As can be

seen from Fig. 6 (a), k p decreases steadily with temperature, drops

sharply at the melting temperature of Al, and remains nearly

constant thereafter. Using the particle and fluid thermal conduc-

tivities, the effective thermal conductivity of the mixture, k m 

can

be evaluated using the MEB model. Results of the temperature

dependent k m 

for different particle sizes are shown in Fig. 6 (b).

In addition to the decreasing trend in k m 

, two sharp drops are

also observed, corresponding to the vaporization temperature of

water at 373 K and the melting point of Al, respectively. More

importantly, k m 

increases with an increase in particle size, because

the thermal resistance of core Al decreases. Results shown in Fig. 6

are obtained straightforwardly from Eqs. (32) and ( 10 ), and need

to be validated against experimental measurements by applying

the numerical framework to predict burning properties. 

4.2. Flame propagation 

A numerical solution of the flame problem yields the temper-

ature profile across the reaction and preheat zones, as shown in

Fig. 7 . Figure 7 represents Zones A–D in the multizone framework

corresponding to a baseline case of 38 nm particle suspension at

pressure, P = 1 bar. Results for r and thicknesses of various zones
b 
re given in Table 2 . r b predicted for the baseline case is 1.79 cm/s,

nd the two sets of experimental measurements [28] give a value

f ∼1.61 cm/s and ∼1.40 cm/s, respectively. Error in r b predictions

s < 10%, demonstrating the fidelity of the numerical framework.

rior theoretical studies [10] severely overpredict r b as 4.4 cm/s,

ecause they do not account for interface resistance, size-effects,

nd spatial variation of thermal transport properties. The thick-

esses of Zones B, C, and D are also obtained as 4.7 μm, 1.01 μm,
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Table 2 

Summary of results obtained from numerical solution of flame structure and burn- 

ing properties for baseline case ( P = 1 bar; D p = 38 nm), compared with experimental 

results [10] and prior theoretical model [10] . 

Linear burning rate, r b Zone B Zone C Zone D 

Present work = 1.79 cm/s 4.7 μm 1.01 μm 1.49 μm 

Expt 1: 1.61 cm/s [28] 

Expt 2:1.40 cm/s [28] 

Prior work: 4.4 cm/s [10] 
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Fig. 8. Linear burning rate, r b as a function of particle diameter; r b is predicted 

using increasing levels of complexity in modeling particle thermal conductivity. 

a  

o  

A  

p  

t  

s  

e  

s  

r

 

e

m  

c  

M  

r  

a  

I  

T  

u  

a  

a  

d  

d  

w  

M  

∼  

M  

t  

p  

m

 

m  

m  

c  

e  

t  

kAl/kAl, actual

Li
ne

ar
bu

rn
i n

g
ra

te
,c

m
.s-1

10-3 10-2 10-1 100 101 102

1

2

3

4
Dp = 38 nm

Dp = 80 nm

Dp = 130 nm

G/Gactual

Li
ne

ar
bu

rn
i n

g
ra

te
,c

m
.s-1

10-3 10-2 10-1 100 101 102

1

2

3

4
Dp = 38 nm

Dp = 80 nm

Dp = 130 nm

koxide/koxide, actual

Li
ne

ar
bu

rn
i n

g
ra

te
,c

m
.s-1

10-3 10-2 10-1 100 101 102

1

2

3

4
Dp = 38 nm

Dp = 80 nm

Dp = 130 nm

a

b

c

Fig. 9. Sensitivity of linear burning rate to changes in thermal conductivity of (a) Al 

and (b) Al 2 O 3 , and (c) thermal interfacial conductance, G , for three different particle 

sizes. 
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nd 1.49 μm, respectively. Zone thicknesses elucidate finer details

f the flame structure that are difficult to measure experimentally.

lso note that the slope of the temperature profile increases at the

oint where it crosses the A–B interface, accounting for the en-

halpy of vaporization of water. A similar increase in slope is ob-

erved at B–C, where it accounts for enthalpy of fusion of Al. The

nd of Zone D is marked by a zero slope, corresponding to con-

tant flame temperature, T f , as there is no heat transfer between

eaction zone and products. 

Having the numerical framework benchmarked with baseline

xperimental results, a detailed analysis of r b as a function of k p 
odeled with increasing levels of complexity is studied. Figure 8

ompares r b predicted using 3 different k p models at P = 10 bar.

odel 1 includes only the thermal conductivity of Al, k Al , to rep-

esent k p . This model neglects the presence of the oxide layer

nd, therefore, chooses the highest thermal conduction pathway.

n Model 2, the Al core and the oxide layer are considered but

IR is neglected. Model 3 has the highest complexity; TIR is also

sed to model k p . In Fig. 8 , experimentally measured r b values

re also overlaid for comparison [28] ; the predictions of Model 3

re closer to the experimental values. Models 1 and 2 overpre-

ict r b , because they intrinsically model a higher thermal con-

uctivity for the mixture. The mean error in Model 1 is ∼20%,

hereas in Model 2 it decreases to ∼18%. The mean error in

odel 3 is < 5% and the maximum error in the prediction is

12% for D p = 38 nm. A model fit on r b v/s D p predicted from

odel 3 obtained from the least squares algorithm gives a rela-

ion: r b [ cm . s −1 ] = 144 . 76 ( D p [ nm ] ) −1 . 0 . Hence, r b is inversely pro-

ortional to D p , which is in accordance with the experimental

easurements [27] . 

Finally, we study the sensitivity of r b to changes in the ther-

al conductivity of Al and Al 2 O 3 , and G at P = 10 bar. This study is

otivated by recent advances in nanotechnology, whereby thermal

onductivity can be tuned by rational design of materials, i.e., by

ngineering features to target a certain group of vibrational modes

o either inhibit or enhance their role in heat conduction [53 , 54] .
uning thermal conductivity provides means to precisely control

he burning rates of energetic materials in propulsive missions.

ere, the individual thermal conductivity components k Al , G , and

 A l 2 O 3 
are arbitrarily varied with respect to their actual values and

he effects on r b are analyzed. Figure 9 (a)–(c) present the sensitiv-

ty of r b to changes in k Al , G , and k A l 2 O 3 , respectively. 

From Fig. 9 (a)–(c), it is evident that in general, r b sensitivity is

ighest for 38 nm particle suspensions. From Fig. 9 (a), it can be

een that for D p = 38 nm, for two orders of magnitude reduction in

 Al , reduction in r b is only ∼15%, whereas, Fig. 9 (b) indicates that

or the same reduction in G , the reduction in r b is nearly ∼30%.

n the other hand, Fig. 9 (c) clearly shows that r drops by ∼34%
b 
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when k A l 2 O 3 decreases by two orders of magnitude. It is, therefore,

quite evident that the thermal conductivity of the oxide layer and

interface conductance dictate r b sensitivity. While k A l 2 O 3 seems to

have the highest influence on r b , it is also important to note that

the oxide layer forms on the particle surface in situ during the

combustion process, and its thermal conductivity is practically un-

controllable. TIC, on the other hand, can be tuned to user require-

ments if certain vibrational modes in the Al core are preferentially

altered by means of nanoengineered defects, doping, and/or alloy-

ing. In other words, precise tuning of burning rate in nanoenergetic

materials is achievable by careful consideration of interfacial con-

ductance. Nonetheless, as particles become larger, sensitivity of r b 
to changes in k seems to diminish. Note that for all particle sizes,

even with several-fold enhancement in k and G , the effect on r b is

feeble. Therefore, to increase burning rates in nanoenergetic mate-

rials, conventional strategies to improve reaction rates, like high

pressure combustion, active metal coating, or catalysis, must be

adopted. 

5. Conclusions 

A detailed numerical analysis of flame propagation in nano-

aluminum (nAl)–water (H 2 O) mixtures is performed. Considering

a multi-zone framework, the nonlinear energy equation is solved

iteratively using the Gauss–Seidel method. The thermal conductiv-

ity of the nanoparticle is modeled using the thermal conductivities

of the aluminum and oxide layer, as well as the thermal in-

terface resistance. Effective thermal conductivity of the mixture

is modeled using the Maxwell–Eucken–Bruggeman model, as a

function of temperature, spatial coordinate, and local mixture

composition. Results indicate that the oxide layer and the interface

together contribute around 95% of the net thermal resistance of

the nanoparticle. The effect of complexity in modeling particle

thermal conductivity, k p , was studied by predicting the particle

size-dependent linear burning rate, r b . Error in r b prediction is

lowest ( < 5%) when interface resistance is taken into account in

modeling k p . When interface resistance is neglected, error in r b 
prediction increases to 20%. Furthermore, r b varies as the inverse

of particle diameter, as observed in experimental measurements.

The sensitivity of r b to changes in the thermal conductivities of

aluminum ( k Al ) and aluminum oxide ( k A l 2 O 3 ), and interface con-

ductance ( G ) is also studied for three particle sizes: 38 nm, 80 nm,

and 138 nm. r b sensitivity is the highest for the 38 nm particle,

and it decreases with increase in particle size. r b drops by 15%,

30%, and 34% for two orders of magnitude reduction in k Al , G , and

k A l 2 O 3 , respectively. No notable enhancement in r b is achieved by

an enhancement in thermal conductivity or interface conductance. 
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